
1 



2 



3 



4 

A graph G(V, E) is a pair (V, E), where V is a set and E is a binary relation on V. We consider only finite graphs, i.e., 

those where set V is bounded. The elements of the set V are called vertices and those of the set E are called edges of the 

graph [Figure (b)]. In a directed graph (or digraph) the edges are ordered pairs of vertices; in an undirected graph the 

edges are unordered pairs [Figure (a)]. A directed edge from vertex vi   V to vj   V is denoted by (vi, vj) and an undirected 

edge with the same end-points by {vi, vj}. We also say that an edge (directed or indirected) is incident to a vertex when the 

vertex is one of its end-points. The degree of a vertex is the number of edges incident to it. A hypergraph is an extension of 

a graph where edges may be incident to any number of vertices [Figure (c)]. 
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We say that a vertex is adjacent to another vertex when there is an edge incident to both of them. An edge with two 

identical end-points is called a loop. A graph is simple if it has no loops and no two edges link the same vertex pair. 

Otherwise it is called a multi-graph. Throughout the remainder of this course, we shall refer to simple graphs as graphs, 

unless explicitly stated otherwise. 

A walk is an alternating sequence of vertices and edges. A trail is a walk with distinct edges, and a path is a trail with 

distinct vertices. A cycle is a closed walk (i.e., such that the two end—point vertices coincide) with distinct vertices. A 

graph is connected if all vertex pairs are joined by a path. A graph with no cycles is called an acyclic graph or a forest. A 

tree is a connected acyclic graph. A rooted tree is a tree with a distinguished vertex, called a root. Vertices of a tree are 

also called nodes. In addition, they are called leaves when they are adjacent to only one vertex each and they are 

distinguished from the root. 

A cutset is a minimal set of edges whose removal from the graph makes the graph disconnected. Similarly, a vertex 

separation set is a minimal set of vertices whose removal from the graph makes the graph disconnected. 

A complete graph is one such that each vertex pair is joined by an edge. The complement of a graph G(V, E) is a graph 

with vertex set V, two vertices being adjacent if and only if they are not adjacent in G(V, E). A bipartite graph is a graph 

where the vertex set can be partitioned into two subsets such that each edge has end-points in different subsets. 

Hypergraphs can be modeled by bipartite graphs, by associating their vertex and edge sets to the two vertex subsets of 

corresponding bipartite graphs. Edges in the bipartite graphs represent the incidence relation among vertices and edges of 

the hypergraphs. 

A subgraph of a graph G(V, E) is a graph whose vertex and edge sets are contained in the vertex and edge sets, 

respectively, of G(V, E). Given a graph G(V, E) and a vertex subset U  V, the subgraph induced by U is the maximal 

subgraph of G(V, E ) whose edges have end-points in U. A clique of a graph is a complete subgraph; it is maximal when it 

is not contained in any other clique. 

A graph is said to be planar if it has a diagram on a plane surface such that no two edges cross. 

 

Each graph has one or more corresponding diagrams. A graph is said to be planar if it has a diagram on a plane surface 

such that no two edges cross. Two graphs are said to be isomorphic is there is a one-to-one correspondence between their 

vertex sets that preserves adjacency. 
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The definitions of the previous section can be extended to apply to directed graphs in a straightforward way. For any 

directed edge (vi, vj), vertex vj is called the head of the edge and vertex vi the tail. The indegree of a vertex is the number 

of edges where it is the head, the outdegree the number of edges where it is the tail. A walk is an alternating sequence of 

vertices and edges with the same direction. Trails, paths and 

cycles are defined similarly. The concept of head and tail are extended to trails and paths. Given a directed graph, the 

underlying undirected graph is one having the same vertex set and undirected edges replacing directed edges with the 

same end-points. Given an undirected graph, an orientation is a directed graph obtained by assigning a direction to the 

edges. 

Directed acyclic graphs, also called dags, represent partially ordered sets. In a dag, a vertex vj is called the successor (or 

descendant) of a vertex vi if vj is the head of a path whose tail is vi. We say also that a vertex vj is reachable from vertex 

vi, when vi is a successor of vj. Similarly, a vertex vi is called the predecessor (or ancestor) of a vertex vj if vi is the tail of a 

path whose head is vj. In addition, vertex vj is a direct successor of, or adjacent to, vertex vi if vj is the head of an edge 

whose tail is vi. Direct predecessors are similarly defined. 
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Algorithms can be described in natural languages or in software programming languages. In this course, we use at pseudo-

code notation reminiscent of the C programming language. Algorithms can also be seen as the abstract models of the 

computational engines provided by computer programs, which are just descriptions of algorithms in appropriate executable 

languages. 
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The simplest case for solving Bellman‘s equations occurs when the graph is acyclic. Then the vertices can be ordered in a 

way consistent with the partial order represented by the dag, and the equations can be solved in that order. Finding a 

consistent vertex enumeration is called topological sort and can be achieved with complexity O(|V| + |E|) ≤ O(n2). 

When the graph has cycles, Bellman’s equations are cross-coupled and harder to solve. In the special case when all weights 

are positive, the shortest path problem can be solved by the greedy algorithm proposed by Dijkstra. The algorithm keeps a 

list of tentative shortest paths, which are then iteratively refined. Initially, all vertices are unmarked and {si = w0,i, i = 1, 2, 

..., n}. Thus. the path weights to each vertex are either the weights on the edges from the source or infinity. Then the 

algorithm iterates the following steps until all vertices are marked. It selects and marks the vertex that is head of a path 

from the source whose weight is minimal among those paths whose heads are unmarked. The corresponding tentative path 

is declared final. It updates the other (tentative) path weights by computing the minimum between the previous (tentative) 

path weights and the sum of the (final) path weight to the newly marked vertex plus the weights on the edges from that 

vertex. 

The greedy strategy pays off by providing and exact solution with computational complexity O(|E| + |V|·log|V|) ≤ O(n2). 
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The Bellman-Ford algorithm can calculate the shortest path in the graph that can have cycles and where the sign of the 

weights is not restricted. Algorithm can also be used to detect if the problem is consistent and to compute the shortest paths 

for consistent problems, The Bellman-Ford algorithm solves Bellman’s equations by relaxation. It initializes the shortest 

path weights to upper bounds provided by the weights on the edges from the source, It then refines all path weights 

iteratively. When the problem is consistent, the estimates of the path weights (denoted by superscripts) converge to stable 

values, corresponding to the weights of the shortest paths. lf convergence is not achieved in n : |V| - 1 outer iterations, the 

problem is provably inconsistent. 

The complexity of Bellman-Ford’s algorithm is O(|V||El) ≤ O(n3). 
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The total number of colors is the maximum value that c attains. It is larger than (or equal to) the chromatic number χ(G(V, 

E)). Unfortunately it may be much larger than χ(G(V, E)), and it is sensitive to the order in which the vertices are colored. 

The algorithm can be modified to cope with the coloring decision problem by providing an exit (with negative response) 

when the color counter c exceeds a given threshold. Unfortunately, due to the heuristic nature of the algorithm, a negative 

response can be given even if a proper coloring exists with c colors. 

Some improvements to this basic scheme have been proposed, An example is to allow color interchange between two 

(already colored) vertices when this helps in not increasing the number of colors. Exact algorithms for coloring have been 

proposed with computation complexity above polynomial.  
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An optimum solution would require some re-coloring of previously colored vertices. For example, if we want to color the 

graph with three colors and we fail at coloring v6 properly, then we can backtrack and try to recolor v5 (which is not 

possible) or v4 (which is possible). Once v4 is re-colored, then a solution with three colors can be achieved, as shown in 

Figure (b). A heuristic alternative to backtracking is to swap colors in colored vertex pairs. In this case, the colors of v5 and 

v6 should have been swapped. 
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A well-known algorithm for coloring interval graphs is the LEFT_EDGE algorithm. The algorithm was originally 

proposed for channel routing, where intervals correspond to wire segments to be arranged in a channel. The name stems 

from the selection of the intervals based on their left-edge coordinate, i.e., the minimum value of the interval.  

The algorithm first sorts the intervals by their left edge. It then considers one color at a time and assigns as many intervals 

as possible to that color by scanning a list of intervals in ascending order of the left edge before incrementing the color 

counter. 

The algorithm yields a provably minimum coloring of G(V, E), i.e., the maximum value of c is the chromatic number 

χ(G(V, E )). The complexity of the algorithm is O(|V|log|V|). 
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A model of a circuit is an abstraction, i.e., a representation that shows relevant features without associated details. Models 

are used to specify circuits, to reason about their properties and as means of transferring the information about a design 

among humans as well as among humans and computer-aided design tools. Circuit specifications are models describing 

circuits to be implemented, which are often accompanied by constraints on the desired realization, e.g., performance 

requirements. 

Formal models have a well-defined syntax and semantics. Hence they provide a way of conveying the information about a 

circuit in a consistent way that can be unambiguously interpreted. Thus automated tools can be designed to read, process 

and write such models. Conversely, informal circuit specifications, such as textual descriptions of the principles operations 

of a computer in a natural language, have limited applications when CAD methods are used. In addition, informal 

descriptions of large-scale circuits or systems may be sources of misunderstanding among humans, because it is often 

impossible to check their completeness and consistency. In the sequel we shall refer to formal models only, and we shall 

drop the adjective "formal" for brevity. 
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A circuit can be modeled differently according to the desired abstraction level (e.g., architectural, logic, geometric), view 

(e.g., behavioral, structural, physical) and to the modeling means being used (e.g., language, diagram, mathematical 

model).  

In recent years, there has been a trend toward using hardware description languages (HDLs) for circuit specification. 

Conceiving an HDL model has similarities to writing a software program. The conciseness of HDL models has made them 

preferable to the corresponding flow, state and logic diagrams, even though some diagram models are more powerful in 

visualizing the circuits’ functions. We shall not describe circuit specifications in terms of diagrams, because the 

information that most of them convey can be expressed in equivalent form by HDL models. 

This course does not advocate the use of any specific hardware language. The synthesis techniques that we present have 

general value and are not related to the specifics of any particular language. For this reason, we shall consider also abstract 

models for circuits at both the architectural and logic levels. Abstract models are mathematical models based on graphs 

and Boolean algebra. At the architectural level, the circuit behavior can be abstracted by a set of operations (called also 

tasks) and their dependencies. The operations can be general in nature, ranging from arithmetic to logic functions. The 

behavior of a sequential logic circuit is abstracted by a finite-state machine that degenerates to a Boolean function in the 

combinational case. Structural views are abstracted as interconnections of logic blocks or gates (at the logic level) or 

resources (at the architectural level). 

Abstract models are powerful enough to capture the essential features described by HDL and diagram models. At the same 

time, they are simple enough that properties of circuit transformations can be proven.  
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