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High-Level Synthesis I 

 High-level synthesis (also know as 

architectural synthesis) means 

constructing the macroscopic structure of a 

digital circuit, starting from behavioral 

models that can be captured by data-flow 

and control-flow graphs 

 

 The outcome of the high-level synthesis is 

both a structural view of the circuit, in 

particular of its data path, and a 

specification of its control unit 

 

 The data path is an interconnection of:  
 

- resources (implementing arithmetic or logic 

functions),  
 

- steering logic circuits (multiplexers and 

busses), that send data to the appropriate 

destination at the appropriate time and  
 

- registers or memory arrays to store data 
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High-Level Synthesis II 

 High-level synthesis may be performed in many ways, according to the 

desired circuit implementation style  

 

 Therefore a large variety of problems, algorithms and tools have been 

proposed that fall under the umbrella of architectural synthesis 

 

 To be more specific, we address here synthesis problems for 

synchronous, single clock digital circuits 
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High-Level Synthesis III 

 Circuit implementations are evaluated on the basis of the following 

objectives:  
 

- area,  
 

- cycle-time (i.e., the clock period) and latency (i.e., the number of cycles to 

perform all operations), as well as  
 

- throughput (i.e., the computation rate) in the case of pipelined circuits 

 

 Worst-case bounds on area and on performance may be imposed to 

exclude undesirable implementations, for example, low-performance or 

large circuits 

 

 In addition, the circuit structure may be constrained to using some  

pre-specified units for some operations or specified ports for input/output 

(I/O) data  
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High-Level Synthesis IV 

 Note that area and performance measures can only be estimated at the 

architectural level, because just the macroscopic structure of the circuit is 

dealt with  
 

 In general, area and performance depend on the resources as well as on 

the steering logic, storage circuits, wiring and control  
 

 A common simplification is to consider area and performance as 

depending only on the resources  
 

 Circuits for which this assumption holds are called resource-dominated 

circuits and are typical of some application fields, such as digital signal 

processing (DSP) 
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The Design Space and Architectural Exploration 

 The design space is the collection of all feasible structures 

corresponding to a circuit specification  

 

 Architectural exploration consists of traversing the design space and 

providing a spectrum of feasible non-inferior solutions, among which a 

designer can pick the desired implementation 

 

 Exploration requires the solution of constrained optimization problems. 
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Circuit Specifications for Architectural Synthesis 

 Specifications for architectural synthesis include:  
 

- behavioral-level circuit models,  
 

- details about the resources being used and  
 

- constraints 

 

 Behavioral models are captured by control-data flow graphs that were 

described earlier 

 

 Thus we comment here on resources and constraints in detail 
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Resources 

 Resources implement different types of functions in hardware. They can 

be broadly classified as follows: 
 

- Functional resources process data. They implement arithmetic or logic 

functions and can be grouped into two subclasses: 

- Primitive resources are subcircuits that are designed carefully once and often used. 

Examples are arithmetic units and some standard logic functions, such as encoders and 

decoders. Each resource is fully characterized by its area and performance parameters. 
 

- Application-specific resources are subcircuits that solve a particular subtask. An 

example is a subcircuit servicing a particular interrupt of a processor. In general such 

resources are the implementation of other HDL models.  

 

- Memory resources store data. Examples are registers and read-only and read-

write memory arrays.  

 

- Interface resources support data transfer. Interface resources include busses 

that may be used as a major means of communication inside a data path. 

External interface resources are I/O pads and interfacing circuits. 
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Constraints 

 Constraints in architectural synthesis can be classified into two major 

groups:  

- interface constraints 

- implementation constraints 

 

 Interface constraints are additional specifications to ensure that the circuit 

can be embedded in a given environment. They relate to the format and 

timing of the I/O data transfers. 

 

 Implementation constraints reflect the desire of the designer to achieve a 

structure with some properties. Examples are area constraints and 

performance constraints, e.g., cycle-time and/or latency bounds. 

 

 A different kind of implementation constraint is a resource binding 

constraint. In this case, a particular operation is required to be 

implemented by a given resource. 
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The Fundamental High-Level Synthesis Problems I 

 We assume that a circuit is specified by: 
 

- A control-data flow graph 
 

- A set of functional resources fully characterized in terms of area and execution 

delays 
 

- A set of constraints 

 

 We assume that storage is implemented by registers and interconnections 

by wires  

 

 We shall consider only data-flow graphs with operations having bounded 

and known execution delays  
 

 

 



The Fundamental High-Level Synthesis Problems II 

 We assume that there are nops operations  
 

 Data-flow graph must be polar and acyclic, with 

the source and sink vertices being labeled as v0 

and vn, respectively, where n = nops + 1  
 

 Hence the graph Gs(V, E) has vertex set  

V = {vi; i = 0, 1, …, n} in one-to-one 

correspondence with the set of operations and 

edge set E = {(vi, vj); i, j = 0, 1, , n} representing 

dependencies  
 

 An example is shown in Figure on the right 
 

 Architectural synthesis and optimization consists 

of two stages:  
 

- First, placing the operations in time (scheduling)  and 

in space (binding), i.e., determining the time interval 

for their execution and their binding to resources 
 

- Second, determining the detailed interconnections of 

the data path and the logic-level specifications of the 

control unit 

14 
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The Temporal Domain: Scheduling I 

 Let us denote the execution delays of the operations by the set  

D = {di; i = 0, 1, ..., n}. We assume that the delay of the source and sink 

vertices is zero.  

 

 Let us also define the start time of an operation as the time at which the 

operation starts its execution.  

 

 The start times of the operations, represented by the set T = {ti; i = 0, 1, . . 

. , n}, are attributes of the vertices of the sequencing graph.  

 

 Scheduling is the task of determining the start times of operations, 

subject to the precedence constraints specified by the sequencing graph 
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The Temporal Domain: Scheduling II 

 A more formal definition of the schedule is: 
 

A schedule of a sequencing graph is a function φ: V→Z+, where φ(vi)=ti 

denotes the operation start time such that ti ≥ tj + dj,  i, j: (vi, vj)   E. 

 

 A scheduled data-flow graph is a vertex-weighted data-flow graph, 

where each vertex is labeled by its start time 

 

 The latency of a scheduled data-flow graph is denoted by λ, and it is the 

difference between the start time of the sink and the start time of the 

source, i.e., λ = tn - t0 
 

 A schedule may have to satisfy timing and/or resource usage constraints 
 

 Different scheduling algorithms have been proposed, addressing 

unconstrained and constrained problems. They are described in detail in 

later. 
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Scheduling Example 

 An example of a data-flow graph is shown in 

the top figure on the right 
 

 All operations are assumed to have unit 

execution delay 
 

 A scheduled sequencing graph is shown in the 

figure below 
 

 The start time of the operations is summarized 

by the following table 
 

 The latency of the schedule is  

λ = tn - t0 = 5 - 1 = 4 

 

 
Operation Start time 

v1, v2, v6, v8, v10 1 

v3, v7, v9, v11 2 

v4 3 

v5 4 
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Scheduling Example under Resource Constraints 

 Consider again the data-flow graph from the previous slide 
 

 All operations are assumed to have unit execution delay  
 

 This time we have a resource constraint, only one resource 

per type is available 
 

 A scheduled sequencing graph is shown in the figure 
 

 The latency of the schedule is  

λ = tn - t0 = 8 - 1 = 7 

 
Operation 

Start Time 
Multiply ALU 

v1 v10 1 

v2 v11 2 

v3 - 3 

v6 v4 4 

v7 - 5 

v8 v5 6 

- v9 7 
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Scheduling with Chaining 

 The scheduling formulation can be extended by considering the 

propagation delays of the combinational resources instead of the integer 

execution delays 

 

 Thus, two (or more) combinational operations in a sequence can be 

chained in the same execution cycle if their overall propagation delay 

does not exceed the cycle-time  

 

 This approach can be further extended to chains of resources whose 

overall delay spans more than one cycle 

 

 Scheduling with chaining can provide tighter schedules in some cases, 

but constrained schedules are harder to compute 

 

 



Scheduling with Chaining Example 

 Consider again the same data-flow graph as before 

 

 Assume that the propagation delay of a multiplication is 

35 ns, and that of other operations is 25 ns. Assume 50 

ns clock cycle. 

 

 The usual scheduling is based on computing execution 

delays as the rounded-up quotient of the propagation 

delays to the cycle-time 

 

 Thus, all operations have unit execution delay, and an 

unconstrained schedule is the same as presented on the 

top Figure, with a latency of 4 clock cycles 

 

 However, by allowing the schedule to chain operations 

{v4, v5} and {v10, v11} in a single cycle, a latency of 3 clock 

cycles can be achieved, shown on the bottom Figure 
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The Spatial Domain: Binding I 

 Let us consider now the relations among operations and resources 

 

 We define the type of an operation as the type of computation it performs 

 

 It may be an arithmetic operation, such as addition or multiplication, or an 

application-specific operation, such as evaluating a Boolean function 

 

 We can extend the notion of type to functional resources. A covering 

relation can be defined among types to represent the fact that a resource 

type can implement more than one operation type.  

 

 For example, the resource-type ALU may cover operation types {addition, 

subtraction, comparison}. Obviously, a feasible implementation requires 

that the resource types available cover the operation types. 
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The Spatial Domain: Binding II 

 We call a resource-type set the set of resource types 

 

 For the sake of simplicity, we identify the resource-type set with its 

enumeration  

 

 Thus, assuming that there are nres resource types, we denote the 

resource-type set by R = {1, 2, . . . , nres} 

 

 The function T: V → R denotes the resource type that can implement an 

operation 

 

 It is obvious that No-Operations do not require any binding to any 

resource 

 

 Therefore, when referring to a binding, we drop them from consideration, 

including the source and sink vertices 
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The Spatial Domain: Binding III 

 It is interesting to note that there may be more than one operation with the 

same type 

 

 In this case, resource sharing may be applied 
 

 Conversely, the binding problem can be extended to a resource 

selection (or module selection) problem by assuming that there may be 

more than one resource applicable to an operation (e.g., a ripple-carry 

and a carry-look-ahead adder for an addition)  
 

 In this case T is a one-to-many mapping  
 

 We assume for now that T is a single-valued function 
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The Spatial Domain: Binding IV 

 A fundamental concept that relates operations to resources is binding. It specifies 

which resource implements an operation. 

 

 Formal definition of resource binding is:  
 

A resource binding is a mapping β: V → R x Z+, where β(vi) = (t, r) denotes that the 

operation corresponding to vi   V, with type T(vi) = t, is implemented by the r-th 

instance of resource type t   R, for each i = 1, 2, ..., nops 

 

 A simple case of binding is a dedicated resource, where each operation is bound 

to one resource 
 

 Common constraints on binding are upper bounds on the resource usage of each 

type, denoted by {ak; k = 1, 2, ..., nres}  
 

 These bounds represent the allocation of instances for each resource type 
 

 A resource binding satisfies resource bounds {ak; k = 1, 2, ..., nres} when  

β(vi) = (t, r) with r ≤ at, for each operation vi; i = 1, 2, ..., nops 
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Binding Example - Dedicated Resources  

 Consider the scheduled sequencing graph of figure on the right. 

There are 11 operations.  

 

 Assume that 11 resources are available. In addition, assume that the 

resource types are {multiplier, ALU}, where the ALU can perform 

addition, subtraction and comparisons.  

 

 We label the multiplier as type 1, the ALUs as type 2. Thus T(v1) = 1, 

T(v4) = 2, etc. We need six instances of the multiplier type and five 

instances of the ALU type.  

 

 The following table shows the binding function 

 β(v1) (1, 1) 

β(v2) (1, 2) 

β(v3) (1, 3) 

β(v4) (2, 1) 

β(v5) (2, 2) 

β(v6) (1, 4) 

β(v7) (1, 5) 

β(v8) (1, 6) 

β(v9) (2, 3) 

β(v10) (2, 4) 

β(v11) (2, 5) 
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Binding Example - Resource Sharing 

 A resource binding may associate one instance of a resource type to 

more than one operation 
 

 ln this case, that particular resource is shared and binding is a  

many-to-one function 
 

 A necessary condition for a resource binding to produce a valid circuit 

implementation is that the operations corresponding to a shared 

resource do not execute concurrently 
 

 It is obvious that the resource usage of the previous example is not 

efficient  
 

 Indeed only four multipliers and two ALUs are required by the 

scheduled sequencing graph of figure on the top. This is shown in the 

bottom figure and table.  

 β(v1) (1, 1) 

β(v2) (1, 2) 

β(v3) (1, 2) 

β(v4) (2, 1) 

β(v5) (2, 1) 

β(v6) (1, 3) 

β(v7) (1, 3) 

β(v8) (1, 4) 

β(v9) (2, 1) 

β(v10) (2, 2) 

β(v11) (2, 2) 
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Binding Example – Binding Under Constraints 

 When binding constraints are specified, a 

resource binding must be compatible with them 

 

 Consider again the data-flow graph shown on the 

top figure  

 

 A hypothetical partial binding requires that 

operations v6 and v8 be performed by the same 

multiplier 

 

 Then, the operations v6 and v8 cannot execute 

concurrently and the corresponding schedule 

differs from that shown in top figure  

 

 The partial binding and the corresponding 

schedule are shown in bottom figure 

 



High-Level Synthesis 
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Data-Path and Control-Path Synthesis 

 After the high-level synthesis we are left with the scheduled control-data flow graph with a 

complete resource binding that satisfies the given constraints and optimizes some figure of 

merit 
 

 Using this information we can design a digital system using previously introduced RT 

methodology based on ASMD and FSMD 
 

 The structure of the system will follow the well-known structure of the FSMD 

 

FSMD

Design

Data-Flow 

Graph

Extraction

Scheduling 

and Binding

ASMD

Extraction
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Data-Path Synthesis I 

 Data-path synthesis involves the complete 

definition of the structural view of the data 

path, i.e. refining the binding information 

into the specification of all interconnections. 

 

 It consists of defining the interconnection 

among:  
 

- Resources (Functional Units), 
 

- Steering logic circuits (multiplexers or busses), 
 

- Memory resources (registers and memory 

arrays), 
 

- Input/output ports and 
 

- The control unit. 

 

 An example of detailed view of data-path for 

differential integrator example is shown in 

the figure on the right. 
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Data-Path Synthesis II 

 Figure shows a refined view of the data path 

of the differential equation integrator with 

one multiplier and one ALU whose 

scheduled data-flow graph is shown on  

Slide 19  

 

 It shows explicitly the interconnection of the 

multiplexers 

 

 Note that the data format needs to be 

specified at this step to associate a word 

size with the registers, multiplexers and their 

interconnections  

 

 For simplicity, we have used one register to 

store the constant 3. Obviously, once the 

data format is chosen, this register can be 

changed into a hard-wired implementation. 
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Data-Path Synthesis III 

 The connections to the input/output ports 

are not shown 
 

 Additional two-input multiplexers are 

required to load registers x, y, u, dx, a with 

input data 
 

 The output port is connected to register y 
 

 The connections to the control unit are 

composed from two groups of signals: 

control and status signals.  

- Control signals in this case are the enable 

signals for all registers, the selectors of the 

multiplexers and a control signal for the ALU 

selecting the operation to be performed among 

(+, -, <)  
 

- The data path returns signal c to the control 

unit, detecting the completion of the iteration, 

which is the only status signal in this system 
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Control-Path Synthesis 

 Using the scheduled and binded sequencing graph we can construct the 

ASMD chart 

 

 Using the ASMD chart a control unit can be easily designed 

 

 Let us assume that there are ncontrol control signals to be issued by the 

control unit and we do not distinguish among their specific function (e.g., 

enable, multiplexer control, etc) 

 

 From a circuit implementation point of view, we can classify the  

control-unit model as:  
 

- microcode based, or  
 

- hard wired (“random logic”) 

 



Scheduling 

Introduction 
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Scheduling I 

 Scheduling is a very important problem in architectural synthesis  

 

 Whereas a data-flow graph prescribes only dependencies among the operations, 

the scheduling of a data-flow graph determines the precise start time of each task 

 

 The start times must satisfy the original dependencies of the data-flow graph, 

which limit the amount of parallelism of the operations, because any pair of 

operations related by a sequence dependency (or by a chain of dependencies) 

may not execute concurrently 

 

 Scheduling determines the concurrency of the resulting implementation, and 

therefore it affects its performance 

 

 By the same token, the maximum number of concurrent operations of any given 

type at any step of the schedule is a lower bound on the number of required 

hardware resources of that type 

 

 Therefore the choice of a schedule affects also the area of the implementation 
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Scheduling II 

 The number of resources (of any given type) may be bounded from above to 

satisfy some design requirement. For example, a circuit with a prescribed size 

may have at most one floating point multiplier/divider.  

 

 When resource constraints are imposed, the number of operations of a given type 

whose execution can overlap in time is limited by the number of resources of that 

type  

 

 A spectrum of solutions may be obtained by scheduling a sequencing graph with 

different resource constraints  

 

 Tight bounds on the number of resources correlate to serialized implementations  

 

 As a limiting case, a scheduled sequencing graph may be such that all operations 

are executed in a linear sequence. This is indeed the case when only one 

resource is available to implement all operations 
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A Model for the Scheduling Problem I 

 As a starting point for scheduling we will use a polar dataflow graph model (with 

one source and sink node), also know as sequencing graph, as introduced 

earlier 
 

 Sequencing graph is a polar directed acyclic graph Gs(V, E), where the vertex 

set V = {vi; i = 0, 1, ..., n}  is in one-to-one correspondence with the set of 

operations and the edge set E = {(vi, vj); i, j = 0, 1, ..., n} represents dependencies.  
 

 We recall also that n = nops + 1 and that we denote the source vertex by v0 and the 

sink by vn, both are No-Operations 
 

 Let D = {di; i = 0, 1, ..., n} be the set of operation execution delays, the execution 

delays of the source and sink vertices are both zero, i.e., d0 = dn = 0  
 

 We assume that the delays are data independent and known and can be 

expressed as integers representing clock cycles 
 

 We denote by T = {ti; i = 0, 1, ..., n} the start time for the operations, the cycles in 

which the operations start 
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A Model for the Scheduling Problem II 

 The latency of the schedule is the number of cycles to execute the entire 

schedule, λ = tn - t0 
 

 The sequencing graph requires that the start time of an operation is at least as 

large as the start time of each of its direct predecessor plus its execution delay, 

i.e., that the following relations hold: 
 

ti ≥ tj + dj,  i,j: (vi, vj)   E  

 

 An schedule is a set of values of the start times T that satisfies the above 

condition  
 

 Minimum-latency schedule is one such that its latency λ attains a minimum 

value 
 

 We will consider two types of scheduling problems: 
 

- Unconstrained scheduling problem,  
 

- Resource-constrained scheduling problem 
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Unconstrained Scheduling Problem 

 An unconstrained schedule is a set of values of the start times T that satisfies the 

following relation 

ti ≥ tj + dj,  i,j: (vi, vj)   E  

 

 An unconstrained minimum-latency schedule is one such that its latency λ attains 

a minimum value  

 

 Note that in this case the latency of the schedule equals the weight of the longest 

path from source to sink, defined by the execution delays associated with the 

vertices 

 

 More formally, the unconstrained minimum-latency scheduling problem can 

be defined as follows: 

 

Given a set of operations V, with integer delays D, and a partial order on the 

operations E, find an integer labeling of the operations φ: V → Z+ such that  

ti = φ(vi), ti ≥ tj + dj,    i,j: (vi, vj)   E and tn is minimum 
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Resource-Constrained Scheduling Problem 

 Let us consider now the hardware resources that implement the operations. We assume that 

there are nres resource types, and we denote by function R: V → {1, 2,..., nres} the unique 

resource type that implements an operation  

 

 A resource-constrained scheduling problem is one where the number of resources of 

any given type is bounded from above by a set of integers {ak; k = 1,2, ..., nres}  

 

 Therefore the operations are scheduled in such a way that the number of operations of any 

given type executing in any schedule step does not exceed the bound  

 

 The minimum-latency resource-constrained scheduling problem can be defined more 

formally as follows. 

 

Given a set of operations V, with integer delays D, a partial order on the  

operations E, and upper bounds for different resource types {ak; k = 1, 2 ,..., nres}, find an  

integer labeling of the operations φ: V → Z+ such that ti = φ(vi), ti ≥ tj + dj,   i,j: (vi, vj)   E,  

|{vi: Rtype(vi) = k and ti < l < ti + di}| ≤ ak for each operation type k = 1, 2, ..., nres and schedule 

step l = 1, 2, ..., tn and tn is minimum 





Scheduling 

Scheduling without Resource 

Constraints 
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Scheduling Without Resource Constraints 

 Before considering the algorithms for unconstrained scheduling, we would like to 

comment on the relevance of the problem 

 

 Unconstrained scheduling is applied when dedicated resources are used 

  

 Practical cases leading to dedicated resources are those when operations differ in 

their types or when their cost is marginal when compared to that of steering logic, 

registers, wiring and control 

 

 Unconstrained scheduling can also be used to derive bounds on latency for 

constrained emblems 

 

 A lower bound on latency can be committed by unconstrained scheduling, 

because the minimum latency of a schedule under some resource constraint is 

obviously at least as large as the latency computed with unlimited resources 
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Unconstrained Scheduling: The ASAP Scheduling Algorithm 

 The unconstrained minimum-latency scheduling problem can be solved in 

polynomial time by topologically sorting the vertices of the sequencing graph 

 

 This approach is called in jargon As Soon As Possible (ASAP) scheduling, 

because the start time for each operation is the least one allowed by the 

dependencies 

 

 We denote by tS the start times computed by the ASAP algorithm, shown below, 

i.e., a vector whose entries are {ti
S; i = 0, 1 ,..., n} 

 
   

ASAP (Gs(V, E))  

{ 

      Schedule v0 by setting t0
S = 1; 

      repeat  

            Select a vertex vi whose predecessors are all scheduled; 

            Schedule vi by setting                               ;  

      until (vn is scheduled); 

      return (tS); 

} 

 

:( , )
max

j i

S S

i j j
j v v E

t t d
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Latency-Constrained Scheduling: The ALAP Algorithm I 

 We consider now the case in which a schedule must satisfy an upper bound on 

the latency, denoted by λmin. This problem may be solved by executing the 

ASAP scheduling and verifying that tn-t0 ≤ λmin.  

 

 The ASAP scheduling algorithm yields the minimum values of the start times. A 

complementary algorithm, the As Late As Possible (ALAP) scheduling 

provides the corresponding maximum values. 

 

 We denote by tL the start times computed by the ALAP algorithm 

 

 

 

 

 

 

 

ALAP(Gs(V, E), λmin)  

{ 

      Schedule vn by setting tn = λmin + 1; 

      repeat 

            Select vertex vi, whose successors are all scheduled; 

            Schedule vi by setting                              ; 

      until (v0 is scheduled); 

      return (tL); 

} 

:( , )
min

i j

L L

i j i
j v v E

t t d
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Latency-Constrained Scheduling: The ALAP Algorithm II 

 If a schedule exists that satisfies the latency bound λmin, it is possible then to 

explore the range of values of the start times of the operations that meet the 

bound 

 

 An important quantity used by some scheduling algorithms is the mobility (or 

slack) of an operation, corresponding to the difference of the start times 

computed by the ALAP and ASAP algorithms, namely  
 

μi = ti
L - ti

S; i = 0, 1, ..., n 

  

 Zero mobility implies that an operation can be started only at one given time step 

in order to meet the overall latency constraint  

 

 When the mobility is larger than zero, it measures the span of the time interval in 

which it may be started 

 

 The computational complexity of ASAP and ALAP algorithms is O(|V||E|) 
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Unconstrained Scheduling Example - ASAP 

 Consider the sequencing graph shown at 

the top figure. Assume all operations have 

unit execution delay.  

 

 The ASAP algorithm would set first t0
S = 1  

 

 The vertices whose predecessors have 

been scheduled are {v1, v2, v6, v8, v10}.  

Their start time is set to t0
S + d0 = 1 + 0 = 1. 

And so on.  

 

 Note that the start time of the sink tn
S = 5, 

and thus latency is λ = 5 - 1 = 4 

 

 An example ASAP schedule of the 

sequencing graph from top figure is shown 

in the bottom figure 
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Unconstrained Scheduling Example - ALAP 

 Consider new the ALAP algorithm with λmin = 4 

 

 The algorithm would set first tn
L = 5. Then the 

vertices whose successors have been 

scheduled are {v5, v9, v11}. Their start time is 

set to tn
L - 1 = 4. And so on.  

 

 An example ALAP schedule of the same 

sequencing graph is given in the bottom figure 

 

 By comparing the two schedules, it is possible 

to deduce that the mobility of operations {vi: 1, 

2, 3, 4, 5} is zero, i.e., they are on a critical 

path  

 

 The mobility of operations v6 and v7 is 1, while 

the mobility of the remaining ones is 2 



Scheduling 

Scheduling with Resource 

Constraints – Exact Solutions 
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Scheduling With Resource Constraints 

 Scheduling under resource constraints is an important and difficult 

problem. Resource constraints are motivated by the fact that the resource 

usage determines the circuit area of resource dominated circuits and 

represents a significant component of the overall area for most other 

circuits. 

 

 The solution of scheduling problems under resource constraints provides 

a means for computing the (area/latency) trade-off points. In practice two 

difficulties arise: 
 

- First, the resource-constrained scheduling problem is intractable, and only 

approximate solutions can be found for problems of reasonable size 
 

- Second, the area-performance trade-off points are affected by other factors 

when considering non-resource-dominated circuits 

 

 We consider first modeling and exact solution methods for the resource-

constrained scheduling problem. Next, we describe heuristic algorithms. 
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Integer Linear Programming Model I 

 A formal model of the scheduling problem under resource constraints can 
be achieved by using binary decision variables with two indices:  

 

X = {xil; i = 0, 1, ..., n; l = 1, 2, ..., λmin + 1}  

 

 The indices of the binary variables relate to the operations and schedule 
steps respectively. In particular, a binary variable, xil, is 1 only when 
operation vi, starts in step l of the schedule, i.e., l = ti. 

 

 The range of the indexes is justified by the fact that we consider also the 
source and sink operations and that we start the schedule on cycle 1 

 

 The number λmin represents an upper bound on the latency, because the 
schedule latency is unknown  

 

 This bound can be computed by using a fast heuristic scheduling 
algorithm, such as a list scheduling algorithm that will be introduced later 



53 

Integer Linear Programming Model II 

 We denote the summations over all operations as     (instead of      ) and 
those over all schedule steps as     (instead of       ) for the sake of 
simplicity  

 

 Note that upper and lower bounds on the start times can be computed by 
the ASAP and ALAP algorithms on the corresponding unconstrained 
problem  

 

 Thus xil is necessarily zero for l < ti
S or l > ti

L for any operation  
vi: i = 0, 1, ..., n  

 

 Therefore the summations over the time steps l with argument xil can be 
restricted to         

 

 

 for any i; i= 0, 1, ...,  n 
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Integer Linear Programming Model III 

 We consider now constraints on the binary variables X to model the resource-
constrained scheduling problem. First, the start time of each operation is unique: 

 

 

 

 Therefore the start time of any operation vi   V can be stated in terms of xil as 
 

 

 

 Second, the sequencing relations represented by Gs(V, E) must be satisfied 

 

 

 

 Third, the resource bounds must be met at every schedule time step 
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Minimum-Latency Scheduling Problem Under Resource 

Constraints (MLSRC Problem) 

 Let us denote by t the vector whose entries are the start times. Then, the 

minimum-latency scheduling problem under resource constraints can be 

stated as follows: 

minimize cTt such that 

 

 

 

 

 

 
 

 The choice of vector c  Zn relates to slightly different optimization goals 
 

 Namely c = [0, 0, …, 1]T corresponds to minimizing the latency of the schedule, 

because cTt = tn and an optimal solution implies t0 = 1. Therefore the objective 
function in terms of the binary variables is ∑ll·xnl .  
 

 The selection of c = 1 = [1, ..., 1]T corresponds to finding the earliest start times of 
all operations. This is equivalent to minimizing ∑i∑ll·xil . 
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MLSRC Problem Example 

 Let us consider the sequencing graph shown on the 

figure on the right 
 

 We assume that there are two types of resources:  

- a multiplier and  
 

- an ALU that performs addition, subtraction and comparison  

 

 Both resources execute in one cycle 
 

 We also assume that the upper bounds on the number of 

both resources is 2; i.e., a1, = 2 and a2 = 2 
 

 By using a heuristic (list scheduling) algorithm we can 

find an upper bound on the latency of λmin = 4 steps. We 

defer a detailed description of such an algorithm for later.  
 

 Also, by applying the ASAP and ALAP algorithms on the 

corresponding unconstrained model, we can derive 

bounds on the start times for each operation  
 

 Let us consider the constraint sets one at a time 
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MLSRC Problem Example: Constraint on Start Time of Every 

Operation 

 All operations must start only once. This can be expressed by the following 

equations: 
 

 

  x0,1 = 1 

  x1,1 = 1 

  x2,1 = 1 

  x3,2 = 1 

  x4,3 = 1 

  x5,4 = 1 

  x6,1 + x6,2 = 1 

  x7,2 + x7,3 = 1 

  x8,1 + x8,2 + x8,3 = 1 

  x9,2 + x9,3 + x9,4 = 1 

  x10,1 + x10,2 + x10,3 = 1 

  x11,2 + x11,3 + x11,4 = 1 

  xn,5 = 1 

 

ASAP ALAP 



 The sequencing relations represented by Gs(V, E)  

must be satisfied: 
 

 

   1: 2x3,2 - x1,1 - 1 ≥ 0 

   2: 2x3,2 - x2,1 - 1 ≥ 0 

   3: 2x7,2 + 3x7,3 - x6,1 - 2x6,2 - 1 ≥ 0 

   4: 2x9,2 + 3x9,3 + 4x9,4 - x8,1 - 2x8,2 - 3x8,3 - 1 ≥ 0 

   5: 2x11,2 + 3x11,3 + 4x11,4 – x10,1 - 2x10,2 - 3x10,3 - 1 ≥ 0 

   6: 3x4,3 - 2x3,2 - 1 ≥ 0 

   7: 4x5,4 - 3x4,3 - 1 ≥ 0 

   8: 4x5,4 – 2x7,2 - 3x7,3 - 1 ≥ 0 

   9: 5xn,5 - 4x5,4 - 1 ≥ 0 

 10: 5xn,5 - 2x9,2 - 3x9,3 - 4x9,4 - 1 ≥ 0 

 11: 5xn,5 - 2x11,2 - 3x11,3 - 4x11,4 - 1 ≥ 0 
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MLSRC Problem Example: Sequencing Relations Constraints 

1 2 3 4 5 

6 

7 

8 

9 

10 11 

1 2 

3 

4 5 

6 

7 8 

9 10 11 

ASAP 

ALAP 
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MLSRC Problem Example: Resource Constraints 

 The resource bounds must be met at every schedule time step 
 

  Resource constraints  

  for the multipliers: 
      

     x1,1 + x2,1 + x6,1 + x8,1 ≤ 2 

     x3,2 + x6,2 + x7,2 + x8,2 ≤ 2 

     x7,3 + x8,3 ≤ 2 

 

  Resource constraints  

  for the ALUs: 
 

     x10,1 ≤ 2 

     x9,2 + x10,2 + x11,2 ≤ 2 

     x4,3 + x9,3 + x10,3 + x11,3 ≤ 2 

     x5,4 + x9,4 + x11,4 ≤ 2 

 

 

ASAP ALAP 
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MLSRC Problem Example: Minimal Schedule under Resource 

Constraints 

 In order to solve the this problem using 

ILP one more step must be performed 

 

 We must define the objective function 

cTt 

 

 Vector c can be set in several way, as 

stated earlier  

 

 Optimal schedule for c = [0, ..., 1]T is 

shown on the figure to the right 
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Minimum-Resource Scheduling Problem Under Latency 

Constraints (MRSLC Problem) 

 This problem is the dual of the previously considered problem 

 

 The optimization goal is a weighted sum of the resource usage 

represented by a 

 

 Hence the objective function can be expressed by cTa, where               is a 

vector whose entries are the individual resource (area) costs  

 

 Inequality constraints from the previous problem still hold; in the last 

inequality the resource usage ak; k = 1, 2, ..., nres, are now unknown 

auxiliary (slack) variables 

 

 The latency constraint is expressed by  
 

∑lxnl ≤ λmin + 1 

 

 

resn
c R
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MRSLC Problem Example 

 Let us consider the same sequencing graph as before, 

shown on the figure on the right 
 

 We assume again that there are two types of resources:  

- a multiplier and  
 

- an ALU that performs addition, subtraction and comparison. 

 

 Both resources execute in one cycle 
 

 Let us assume that the multiplier costs five units of area  

and the ALU one unit. Hence  

c = [5 1]T 

 

 We assume that the upper bound on the latency is λmin = 4 
 

 As said before, first two constraints (uniqueness of start 

time of the operations and the sequencing dependency)  

are identical to those presented for the MLSRC problem 

example 
 

 However, the resource constraints must be slightly modified 
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MRSLC Problem Example: Resource Constraints 

 The resource constraints are now expressed in terms of unknown variables a1 and 

a2 (required number of resources for each type) 

 

  Resource constraints  

  for the required number  

  of multipliers (a1): 
 

     x1,1 + x2,1 + x6,1 + x8,1 - a1 ≤ 0 

     x3,2 + x6,2 + x7,2 + x8,2 - a1 ≤ 0 

     x7,3 + x8,3 - a1 ≤ 0 
 

  Resource constraints  

  for the required number  

  of ALUs (a2): 
 

     x10,1 - a2 ≤ 0 

     x9,2 + x10,2 + x11,2 - a2 ≤ 0 

     x4,3 + x9,3 + x10,3 + x11,3 - a2 ≤ 0 

     x5,4 + x9,4 + x11,4 - a2 ≤ 0 

ASAP ALAP 
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MRSLC Problem Example: Optimal Schedule under Resource 

Constraints 

 The objective function to minimize 

using ILP is now  
 

cTa = 5a1 + 1a2 

 

 After ILP optimization a solution is 

found, requiring 2 multipliers and 2 

ALU units, with a total cost of 12 

 

 The optimal schedule in this case is 

shown in the figure on the right 
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Advantages and Disadvantages of ILP Solutions 

 The ILP formulation of the constrained scheduling problems is attractive 

for three major reasons:  
 

- First, it provides an exact solution to the scheduling problems 
 

- Second, general purpose software packages can be used to solve the ILP  
 

- Third, additional constraints and problem extensions (e,g., scheduling pipelined 

circuits) can be easily incorporated  

 

 The disadvantage of the ILP formulation is the computational complexity 

of the problem  

 

 The number of variables, the number of inequalities and their tightness 

affect the ability of computer programs to find a solution 

 

 Practical implementations of ILP schedulers have been shown to be 

efficient for medium scale examples, but to fail to solve problems with 

several thousands of variables or constraints 

 



Scheduling 

Scheduling with Resource 

Constraints – Heuristic Algorithms 
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Heuristic Scheduling Algorithms 

 Practical problems in hardware scheduling are modeled by generic 

sequencing graphs, with (possibly) multiple-cycle operations with different 

types 

 

 With this model, the minimum-latency resource-constrained scheduling 

problem and the minimum-resource latency-constrained scheduling 

problem are known to be intractable  

 

 Therefore, heuristic algorithms have been researched and used  

 

 We consider here a family of algorithms called list scheduling algorithms 



LIST_L (Gs(V, E), a) { 

      l = 1; 

      repeat { 

            for each resource type k = 1, 2, …, nres { 

                  Determine candidate operations Ul,k; 

                  Determine unfinished operations Tl,k; 

                  Select Sk   Ul,k vertices, such that |Sk| + |Tl,k| ≤ ak; 

                  Schedule the Sk operations at step l by setting 

                                                  ; 

            } 

            I = I + 1; 

      }  

      until (vn is scheduled); 

      return (t) } 
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List Scheduling Algorithm for MLSRC Problem I  

 We consider first the problem of minimizing latency under resource 

constraints, represented by vector a 
 

 List Scheduling algorithm for solving this problem is shown below 

 



:i i kt l i v S  
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List Scheduling Algorithm for MLSRC Problem II  

 Presented algorithm is able to handle multiple operation types and multiple-cycle 

execution delays 

 

 The candidate operations Ul,k, are those operations of type k whose predecessors 

have already been scheduled early enough, so that the corresponding operations 

are completed at step l. Namely:  
 

Ul,k = {vi   V: T(vi) = k and tj +dj ≤ l    j: (vj, vi)   E}, for any resource type  

                                                                     k = 1, 2, ..., nres  

 

 The unfinished operations Tl,k are those operations of type k that started at earlier 

cycles and whose execution is not finished at step l. Namely:  
 

Tl,k = {vi   V: T(vi) = k and ti +di > l}  

 

 Obviously, when the execution delays are 1, the set of unfinished operations is 

empty 
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List Scheduling Algorithm for MLSRC Problem III  

 The computational complexity of the algorithm is O(n)  

 

 It constructs a schedule that satisfies the resource constraints by construction 

 

 However, the computed schedule may not have minimum latency 

 

 The list scheduling algorithms are classified according to the selection step  

 

 A priority list of the operations is used in choosing among the operations, based 

on some heuristic urgency measure 

 

 A common priority list is to label the vertices with weights of their longest path to 

the sink and to rank them in decreasing order  

 

 The most urgent operations are scheduled first 
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Construction of the Priority List 

 As mentioned earlier, common priority 

list is to label the vertices with weights 

of their longest path to the sink, 

measured in terms of edges, and to 

rank them in decreasing order 

 

 A labeled sequencing graph, that was 

used in previous examples, is shown 

on the figure on the right 

 

 Labels are written inside each vertex 
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List Scheduling Under Resource Constraints Example I 

 Let us consider the sequencing graph shown on the top figure  

 Assume that all operations have unit delay 

 Assume that a1 = 2 multipliers and a2 = 2 ALUs are available 

 The priority function was shown on the previous slide 
 

 At the first step for, k = 1, list of candidate operations is  

U1,1 = {v1, v2, v6, v8}. Selected operations are {v1, v2} because their 

label is maximal.  

 For k = 2, U1,2 = {v10}, which is selected and scheduled 
 

 At the second step for k = 1, U2,1 = {v3, v6, v8}. Selected operations 

are {v3, v6} because their label is maximal.  

 For k = 2, U2,2 = {v11}, which is selected and scheduled 
 

 At the third step for k = 1, U3,1 = {v7, v8}, which are selected and 

scheduled 

 For k = 2, U3,2 = {v4}, which is selected and scheduled 
 

 At the fourth step U4,2 = {v5, v9} are selected and scheduled 
 

 The final schedule is shown in the bottom figure 
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List Scheduling Under Resource Constraints Example II 

 Let us consider the same sequencing graph as in 

previous example  

 This time let us assume we have a1 = 3 multipliers 

and a2 = 1 ALU  

 Let us also assume that the execution delays of the 

multiplier and the ALU are 2 and 1 respectively 

 

 A list schedule, where the priority function is based on 

the weight of the longest path to the sink vertex, is the 

following: 

 Operation 
Start Time 

Multiply ALU 

{v1, v2, v6} V10 1 

- v11 2 

{v3, v7, v8} - 3 

- - 4 

- v4 5 

- v5 6 

- v9 7 



LIST_R (Gs(V, E), λmin) { 

      a = 1; 

      Compute the latest possible start times tL by ALAP (Gs(V, E), λmin)
 

      if (t0
L < 0)  return (Ø); 

      l = 1; 

      repeat { 

            for each resource type k = 1, 2, …, nres { 

                  Determine candidate operations Ul,k; 

                  Compute the slacks {si = ti
L - l,   vi   Ul,k}; 

     Schedule the candidate operations with zero slack and update a; 

                  Schedule the candidate operations requiring no additional resources; 

  } 

            I = I + 1; 

      }  

      until (vn is scheduled); 

      return (t, a) } 
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List Scheduling Algorithm for MRSLC Problem I 

 List scheduling can also be applied to minimize the resource usage under 

latency constraints, as shown by the following algorithm  
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List Scheduling Algorithm for MRSLC Problem II 

 At the beginning, one resource per type is assumed, i,e., a is a vector with all 

entries set to 1   
 

 For this problem, the slack of an operation is used to rank the operations, where 

the slack is the difference between the latest possible start time (computed by an 

ALAP schedule) and the index of the schedule step under consideration  
 

 The lower the slack, the higher the urgency in the list is  
 

 Operations with zero slack are always scheduled; otherwise the latency bound 

would be violated  
 

 Scheduling such operations may require additional resources, i.e.. updating a. 

The remaining operations are scheduled only if they do not require additional 

resources.  
 

 Note that the algorithm exits prematurely when t0
L < 0, i.e., when the ALAP 

algorithm detects no feasible solution with dedicated resources. Hence the 

latency bound is too tight for the problem. 

 

 



76 

List Scheduling Under Latency Constraints Example 

 Again, let us consider the same sequencing graph as before 

 Assume that all operations have unit delay and a latency of 4 cycles is 

required 

 The corresponding ALAP schedule is shown in top figure 

 Let a = [1, 1]T in the beginning 
 

 At the first step for k = 1, U1,1 = {v1, v2, v6, v8}. There are two operations 

with zero slack, namely {v1, v2}, which are scheduled.  

Thus the resource vector a has the value, a = [2, 1]T.  

 For k = 2, U1,2 = {v10}, which is selected and scheduled 
 

 At the second step for k = 1, U2,1 = {v3, v6, v8}. There are two operations 

with zero slack, namely {v3, v6}, which are scheduled.  

 For k = 2, U2,2 = {v11}, which is selected and scheduled 
 

 At the third step for k = 1, U3,1 = {v7, v8}, which are selected and scheduled.  

 For k = 2, U3,2 = {v4}, which is selected and scheduled. 
 

 At the fourth step U4,2 = {v5, v9} .Both operations have zero slack. They are 

selected and scheduled. Vector a is updated to = [2, 2]T.  

 Hence two resources of each type are required.  
 

 The final schedule is shown in the bottom figure  



77 

Other Heuristic Scheduling Algorithms 

 Beside List Scheduling algorithm, commonly used heuristic scheduling 

algorithms are: 
 

- Hu’s scheduling algorithm, commonly used for multiprocessor scheduling, 
 

- Force-directed scheduling algorithms, 
 

- Trace scheduling, 
 

- Percolation scheduling 

 

 Although interesting, these algorithms will not be analyzed in this course 



Resource Sharing and 

Binding 

Introduction 
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Resource Sharing and Binding 

 Resource sharing is the assignment of a resource to more than one operation 

 

 The primary goal of resource sharing is to reduce the area of a circuit, by allowing 

multiple non-concurrent operations to share the same hardware operator 

 

 Resource binding is the explicit definition of a mapping between the operations 

and the resources. A binding may imply that some resources are shared. 

 

 Resource binding can be applied to sequencing graphs that are scheduled or 

unscheduled  

 

 ln the former case, the schedule provides some limitations to the extent to which 

resource sharing can be applied. For example, concurrent operations cannot 

share a resource.  

 

 In the latter case, resource binding may affect the circuit latency because 

operations with a shared resource cannot execute concurrently, and therefore 

some operations may have to be postponed 



Resource Sharing and 

Binding for Resource-

Dominated Circuits 

Resource Sharing and Binding 
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Sharing and Binding for Resource-Dominated Circuits I 

 Two (or more) operations may be bound to the same resource if they are 

not concurrent and they can be implemented by resources of the same 

type 

 

 When these conditions are met, the operations are said to be compatible 

 

 Two operations are not concurrent when either one starts after the other 

has finished execution or when they are alternative 

 

 Therefore, an analysis of the sequencing graph is sufficient to determine 

the compatibility of two or more operations for sharing 

 

 Definition: The resource compatibility graph G+(V, E) is a graph whose 

vertex set V = {vi, i = 1, 2, ..., nops} is in one-to-one correspondence with 

the operations and whose edge set E = {(vi, vj) i. j = 1, 2, …, nops} denotes 

the compatible operation pairs 
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Sharing and Binding for Resource-Dominated Circuits II 

 The resource compatibility graph has at least as many disjoint 

components as the resource types  
 

 A group of mutually compatible operations corresponds to a subset of 

vertices that are all mutually connected by edges, i.e,, to a clique 
 

 Therefore a maximal set of mutually compatible operations is represented 

by a maximal clique in the compatibility graph 
 

 An optimum resource sharing is one that minimizes the number of 

required resource instances  

 

 Since we can associate a resource instance to each clique, the problem is 

equivalent to partitioning the graph into a minimum number of cliques 

 

 Such a number is the clique cover number of G+(V, E), denoted by 

κ(G+(V, E)) 
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Sharing and Binding using Compatibility Graph Example 

 Let us consider the scheduled sequencing graph shown 

on the top figure 

 We assume again that there are two resource types: a 

multiplier and an ALU, both with 1 unit execution delay 

 

 The compatibility graph is shown in the bottom figure 

 

 Examples of compatible operations are {v1, v3} and {v4, 

v5}, among others 

 

 Examples of cliques are the subgraphs induced by  

{v1 , v3 , v7}, {v2, v6 , v8} and {v14, v5 , v10, v11}  

 These cliques, in addition to {v9}, cover the graph 

 Since they are disjoint, they form a clique partition 

 

 The clique cover number κ is then equal to 4, 

corresponding to two multipliers and two ALUs 

 

 Edges of the cliques are shown in various colors 

bottom figure 
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Sharing and Binding using Compatibility Graph Example - 

Bound Sequencing Graph 

 On the top figure a partitioning of the compatibility 

graph into a minimum number of cliques is shown 

 

 The clique cover number κ is equal to 4, 

corresponding to two multipliers and two ALUs 

 

 Resource sharing and binding for this particular 

scheduled sequencing graph is now finished and 

the resulting bound scheduled graph is shown on 

the bottom figure to the right 

 

 Also, table containing binding information is shown 

below 
β(v1) (1, 1) 

β(v2) (1, 2) 

β(v3) (1, 1) 

β(v4) (2, 1) 

β(v5) (2, 1) 

β(v6) (1, 2) 

β(v7) (1, 1) 

β(v8) (1, 2) 

β(v9) (2, 2) 

β(v10) (2, 1) 

β(v11) (2, 1) 
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Alternative Approach to Sharing and Binding I  

 An alternative way of looking at the problem is to consider the conflicts between 

operation pairs 

 

 Two operations have a conflict when they are not compatible 

 

 Conflicts can be represented by conflict graph 

 

 Definition: The resource conflict graph G-(V, E) is a graph whose vertex set  

V = {vi, i = 1, 2, ..., nops) is in one-to-one correspondence with the operations and 

whose edge set E = {(vi, vj} i, j = 1, 2, ..., nops} denotes the conflicting operation 

pairs 

 

 It is obvious that the conflict graph is the complement of the compatibility graph 

 

 A set of mutually compatible operations corresponds to a subset of vertices that 

are not connected by edges, also called the independent set of G-(V, E) 

 



86 

Alternative Approach to Sharing and Binding II  

 A proper vertex coloring of the conflict graph provides a solution to the sharing 

problem: each color corresponds to a resource instance 

 

 An optimum resource sharing corresponds to a vertex coloring with a minimum 

number of colors  

 

 Such a number is the chromatic number of G-(V, E) and is denoted by  

χ((G-(V, E)). Note that χ(G-(V, E)) is equal to κ(G+(V, E)). 

 

 It must be stated that resource conflict graph is also an interval graph  

 

 This enables the search for minimum coloring of an interval graph in polynomial 

time, using for example LEFT_EDGE algorithm introduced earlier 
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Sharing and Binding using Conflict Graph Example 

 Consider again the same scheduled 

sequencing graph as before, shown on 

the top figure 

 

 Conflict graphs for the multiplier and ALU 

types are shown in the bottom figure 

 

 Examples of compatible operations are 

{v1 , v3 , v7} and {v4, v5, v10, v11} among 

others  

 

 Each graph can be colored with two 

colors, yielding an overall resource 

requirement of 4 

 

 Different colors in the bottom figure  

show a minimum coloring 
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Sharing and Binding using Conflict Graph Example - 

Bound Sequencing Graph 

 Minimum coloring of the conflict graphs 

for the schedule from previous slide is 

shown on the top figure on the right 

 

 Each graph can be colored with two 

colors, yielding an overall resource 

requirement of 4 

 

 Resource sharing and binding for this 

particular scheduled sequencing graph 

is now finished, and the resulting 

bound scheduled graph is shown on 

the figure to the right 



Resource Sharing and 

Binding for Resource-

Dominated Circuits 

Register Sharing 
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Register Sharing I 

 We consider the registers that hold the values of the variables 

 

 Recall that each variable has a lifetime that is the interval from its birth to 

its death, where: 
 

- Birth is the time at which the value is generated as an output of an operation 
 

- Death is the latest time at which the variable is referenced as an input to 

another operation 

 

 We assume that those variables with multiple assignments within one 

model are aliased, so that each variable has a single lifetime interval in 

the frame of reference corresponding to the sequencing graph entity 

where it is used 

 

 Note that the lifetimes can be data dependent, for example, due to 

branching and iterative constructs 
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Register Sharing II 

 Whereas an implementation that associates a register with each variable 

suffices, it is obviously inefficient 

 

 Indeed, variables that are alive in different intervals or under alternative 

conditions can share the same register  

 

 Such variables are called compatible 

 

 The register compatibility and conflict graphs are defined analogously 

to the resource compatibility and conflict graphs 

 

 The problem of minimizing the number of registers can be cast in a 

minimum clique partitioning problem of the compatibility graph or into 

a minimum coloring problem of the conflict graph 
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Register Sharing Example:  

Non-Hierarchical Scheduling Graphs 
 Consider the sequencing graph shown on Figure a) 

 

 There are six intermediate variables named {zi: I = 1, 2, …, 6} that must be stored in 

registers 
 

 Lifetimes of these registers are shown on Figure b) 
 

 The lifetime of three pairs of these variables is conflicting, as shown by the conflicting graph 

in Figure c) 
 

 Calculating the minimum coloring for the conflict graph, Figure d), these variables can be 

stored using only two registers, which is the chromatic number of the graph 
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Register Sharing in Case of Iterative Bodies 

 In case of sequencing models of iterative bodies, some variables are alive 

across the iteration boundary, for example, the loop-counter variable  

 

 The cyclicity of the lifetimes is modeled accurately by circular-arc 

conflict graphs 

 

 The register sharing problem can then be cast as a minimum coloring of a 

circular-arc conflict graph 

 

 Unfortunately, this problem is intractable, meaning that it cannot be 

efficiently solved for large graphs 
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Register Sharing Example: Iterative Bodies I 

 We consider the full differential equation integrator, shown in Figure a)  
 

 There are 7 intermediate variables {zi: i = 1, 2, …, 7}, 3 loop variables (x, y, u) and 3 loop 

invariants (a, 3, dx) 

 We consider here the intermediate and loop variables and their assignment to registers 
 

 The sequencing graph is shown in Figure b) along with the explicit annotation of the 

variables, the variable lifetimes are shown in Figure c) and the corresponding circular-arc 

conflict graph for the variables is shown in Figure d) 
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Register Sharing Example: Iterative Bodies II 

 Calculating the minimum coloring for the 

circular-arc conflict graph from the 

previous slide, total of 10 variables can 

be stored using only 5 registers, which is 

the chromatic number of the graph 

 

 Mapping of variables into corresponding 

register is also shown in the following 

table 

VARIABLE REGISTER 

z1 REG1 

z2 REG2 

z3 REG1 

z4 REG2 

z5 REG1 

z6 REG2 

z7 REG3 

u REG3 

x REG4 

y REG5 



Resource Sharing and 

Binding for Resource-

Dominated Circuits 

Multi-Port Memory Binding 
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Multi-Port Memory Binding I 

 The potential advantage of merging registers to form memories is the 

reduction in the design space or chip area 

 

 This results from reduction in interconnections, multiplexers, and 

multiplexer inputs in the generated data path 

 

 Further, the design generated would be more easily testable due to a 

smaller number of design “modules”  

 

 These advantages, resulting from a grouping of registers, are worthwhile 

as design alternatives only when such a grouping does not slow down the 

design’s operating frequency 
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Multi-Port Memory Binding II 

 Let us assume a memory r read and w write ports, requiring one cycle 

per access 

 

 Such a memory can be a general purpose register file 

 

 We assume the memory to be large enough to hold all data 

 

 If each variable accesses the memory always through the same port, then 

the problem reduces to binding variables to ports  

 

 Thus the considerations for functional resource binding presented earlier 

can be applied to the ports, which can be seen as interface resources 
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Multi-Port Memory Binding III 

 The minimum number of ports is equal to  

 

    

 
 

   where nvar is the total number of variables and X is a set of binary 

constants determined by scheduling, where xil is 1 when the access of 

variable i,i = 1, 2, ..., nvar, is at step l,l = 1, 2, ..., λ  

 

 In other words, the maximum number of concurrent accesses is the 

minimum number of ports 

 

 Next, we must determine the actual number of required read and write 

ports, and exact binding of variables to these read and write ports 
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Multi-Port Memory Binding IV 

 This can be achieved by coloring the appropriate conflict graphs 

 

 We can construct read variable conflict graph and write variable 

conflict graph and find the minimum coloring for both of them 

 

 The minimum coloring of read variable conflict graph determines the 

minimum number of read ports a memory must have 

 

 The minimum coloring of write variable conflict graph determines the 

minimum number of write ports a memory must have 
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Multi-Port Memory Binding – Example I 

 Let as again consider the full differential 

equation integrator  

 

 Its scheduled data-flow graph with designated 

internal variables is shown in the figure on the 

right 

 

 There are total of 10 variables required to store 

all information during the operation of the 

system 

 

 On the bottom right a table, holding information 

about access types for each variable, in each 

schedule step, is shown 

 

 Using this information we can construct read 

variable and write variable conflict graphs 

VARIABLE T1 T2 T3 T4 

u R R W 

x R/W 

y R W 

z1 W R 

z2 W R 

z3 W R 

z4 W R 

z5 W R 

z6 W R 

z7 W R 
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Multi-Port Memory Binding – Example II 

 Read variable conflict graph models read 

conflicts that exist among the variables, 

and is shown in the Figure a) on the right  

 

 It has 10 vertices, because we have 10 

variables 

 

 Vertices that represent variables whose 

values are being read in the same 

schedule step are conflicting and 

therefore connected by an edge 

 

 Similarly, write variable conflict graph 

models  write conflicts that exist among 

the variables, and is shown in the Figure 

b) on the right 

VARIABLE T1 T2 T3 T4 

u R R W 

x R/W 

y R W 

z1 W R 

z2 W R 

z3 W R 

z4 W R 

z5 W R 

z6 W R 

z7 W R 
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Multi-Port Memory Binding – Example III 

 Minimum colorings for the read variable and write 

variable conflict graphs are shown on Figures a) 

and b) respectively 

 

 From Figure a) we can see that 3 read ports are 

sufficient to implement all read operations in 

every schedule step 

 

 

 

 

 From Figure b) we can see that 3 write ports are 

also sufficient to implement all write operations in 

every schedule step 

 

Read Port Variables Accessed 

1 x, z1, z3, z5 

2 u, z2, z6 

3 y, z4, z7 

Write Port Variables Accessed 

1 x, u, z3, z5 

2 y, z1, z4, z6 

3 z2, z7 



Multi-Port Memory Binding – Example IV 

 By storing all variables into a 3R+3W register file we have lowered the 

number of required access ports, and therefore the number of 

connections, when compared with the solution based on shared registers 

 

 In case of register sharing, we require a total of 5 registers (see example 

on Slides 19-20) 

 

 Each of these 5 registers has one read and one write port, so the 

complete solution requires 10 ports 

 

 Solution based on multi-port memory requires only 6 ports, 40% less, 

which is a significant reduction 
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